1. Introduction {#se0010}
===============

A two tangle diagram is a region in a knot or link diagram surrounded by a rectangle such that the knot or link diagram crosses the rectangle in four points. These four points are usually thought of as fixed points occurring in the four corners NW, NE, SW and SE. See [Fig. 1](#fg0110){ref-type="fig"}. Closing the tangle will produce a knot or a link with two components. These operations are called closures of a tangle, and there are two types of closures, the numerator closure and the denominator closure as in [Fig. 2](#fg0010){ref-type="fig"}. For more details see [@br0020], [@br0040], [@br0050], [@br0060], [@br0080], [@br0130], [@br0140].Figure 1Two tangle diagram.Figure 1Figure 2*N*(*T*) is the numerator closure of *T* and *D*(*T*) is the denominator closure of *T*.Figure 2

In this research we develop a method for computing Kauffman bracket and Jones polynomial for algebraic tangles and their numerator closures. We also introduce the notion of connectivity type of pretzel tangles and give a way of computing it. We give many examples showing the efficiency of our methods and results.

This paper is organized as follows. In Section [2](#se0020){ref-type="sec"} we introduce concepts and terminologies that we will use in the later sections. In Section [3](#se0040){ref-type="sec"} we study a binary operation on the bracket polynomial for tangles, we give some properties for this operation and we give formulas for $\langle\lbrack n\rbrack\rangle$ and $\left\langle \frac{1}{\lbrack n\rbrack} \right\rangle$; where $n \in \mathbb{Z}$. In Section [4](#se0070){ref-type="sec"} we give some formulas to compute the *X* polynomial for the numerator closure of rational tangles with two and three components and for pretzel tangles with two components and give some examples to compute the *X* polynomial for rational, pretzel and algebraic links. We introduce some properties for a ratio invariant defined by Kauffman in [@br0070]. In Section [5](#se0080){ref-type="sec"} we construct a method to compute the connectivity type for pretzel tangles, which is an invariant for pretzel tangles.

2. Basic concepts and terminology {#se0020}
=================================

The most important issue in studying tangles is figuring out if a pair of two tangle diagrams are isotopy equivalent or not. For the following definition see [@br0010].

Definition 1Two 2-tangle diagrams are said to be isotopy equivalent if we can get from one of them to the other by a finite sequence of the three Reidemeister moves inside the surrounding rectangle while the four points remain fixed. Reidemeister moves are shown in [Figs. 3](#fg0020){ref-type="fig"}, [4](#fg0030){ref-type="fig"}, [5](#fg0040){ref-type="fig"}.Figure 3Reidemeister move RI.Figure 3Figure 4Reidemeister move RII.Figure 4Figure 5Reidemeister move RIII.Figure 5

Definition 2Let $T_{1}$ and $T_{2}$ be two 2-tangles. They are added, as in [Fig. 6](#fg0050){ref-type="fig"}. See [@br0100].Figure 6Addition of two tangles (*T*~1~ + *T*~2~).Figure 6

Definition 3Let $T_{1}$ and $T_{2}$ be two 2-tangles. They are multiplied, as in [Fig. 7](#fg0060){ref-type="fig"}. See [@br0100].Figure 7*T*~1~⁎*T*~2~.Figure 7

Definition 4Let *T* be a 2-tangle. The rotation of *T* is obtained by rotating *T* counterclockwise by $90^{\circ}$, as in [Fig. 8](#fg0070){ref-type="fig"}. See [@br0100].Figure 8The rotation of T (*T*^*r*^).Figure 8

For a simple example ${\lbrack 0\rbrack}^{r}$ = $\frac{1}{\lbrack 0\rbrack}$ = $\lbrack\infty\rbrack$ and ${\lbrack\infty\rbrack}^{r}$ = $\frac{1}{\lbrack\infty\rbrack}$ = \[0\].

Definition 5Let *T* be a 2-tangle. The mirror image of a tangle *T*, denoted by −*T*, is obtained by switching all crossings. See [@br0070]. Definition 6Let *T* be a 2-tangle. The inverse of a tangle *T*, denoted by $T^{i}$ or $\frac{1}{T}$, is defined to be $- T^{r}$ as in [Fig. 9](#fg0080){ref-type="fig"}. See [@br0070].Figure 9The inverse of T (*T*^*i*^).Figure 9 Definition 7A rational tangle is the isotopy class represented by the tangle diagram denoted by $\lbrack a_{1}\ a_{2}\ ...\ a_{m}\rbrack$ and constructed as follows.$$T = \lbrack a_{1}\ a_{2}\ ...\ a_{m}\rbrack = \lbrack a_{1}\rbrack + \frac{1}{\lbrack a_{2}\rbrack + \frac{1}{\cdots + \frac{1}{\lbrack a_{m - 1}\rbrack + \frac{1}{\lbrack a_{m}\rbrack}}}}$$ where $a_{2}$, ⋯, $a_{m} \in \mathbb{Z} - \{ 0\}$, $a_{1} \in \mathbb{Z}$. Such form of a tangle will be called standard form. See [@br0110]. Rational knots and links are knots and links that are obtained by taking numerator or denominator closure of rational tangles. These have one or two components, they are alternating and they are the easiest knots and links to make. Furthermore all knots and links up to ten crossings are either rational or are obtained by inserting rational tangles into a few simple planar graphs. Rational knots and rational tangles are of fundamental importance in the study of DNA recombination. The rational knots are totally classified. See [@br0090]. Definition 8A pretzel tangle is a tangle of the form $\frac{1}{\lbrack a_{1}\rbrack} + \cdots + \frac{1}{\lbrack a_{n}\rbrack}$; where $a_{i} \neq 0$, and it is denoted by $(a_{1},\cdots,a_{n})$. See [Fig. 10](#fg0090){ref-type="fig"} for an example of a pretzel tangle.Figure 10The pretzel tangle (3,2,−3).Figure 10 A knot (link) is called a pretzel knot (link) if it is a numerator closure of a pretzel tangle. Definition 9An algebraic tangle is a tangle obtained by the operations of addition and multiplication of rational tangles.

2.1. Kauffman bracket and Jones polynomial {#se0030}
------------------------------------------

In this section, we introduce the Kauffman bracket polynomial, the *X* polynomial and the state sum formula. See [@br0120]. Definition 10The Kauffman bracket polynomial is a function from unoriented link diagrams in the oriented plane to Laurent polynomials with integer coefficients in an indeterminate *A*. It maps a diagram *D* of a link *L* to $\langle D\rangle \in \mathbb{Z}\lbrack A,A^{- 1}\rbrack$ and it is characterized by three rules The bracket polynomial is an invariant under the second and the third R-moves. Theorem 1*Let D be an oriented link diagram. Then the X polynomial defined by*$$X(D) = {( - A^{3})}^{- w(D)}\langle|D|\rangle$$ *is an invariant of links, where* $|D|$ *is the diagram without orientation and* $w(D)$ *is the writhe of D that is the sum of the signs of the crossings for a given diagram D, where each crossing in the oriented diagram has a sign either* 1 *or* −1 *according to the right-hand rule.* The following theorem provides us with a formula for calculating \<*D*\> called a state sum formula. Theorem 2$$\langle D\rangle = \sum\limits_{S}A^{a(S) - b(S)}{( - A^{2} - A^{- 2})}^{|S| - 1}$$ *where the sum runs over all possible states S, which is a choice of how to split all of the n crossings in the projection of D,* $|S|$ *is the total number of circles in the state S,* $a(S)$ *is the number of A-splits in S and* $b(S)$ *is the number of B-splits in S. The A-split and B-split are shown in* [Fig. 11](#fg0130){ref-type="fig"}*.*Figure 11(a) Crossing. (b) *A*-split. (c) *B*-split.Figure 11

3. Algebraic structures {#se0040}
=======================

In this section we study a binary operation on the bracket polynomial for tangles, and we give some properties for this operation. Let *T* be any 2-tangle, then the state *S* consists of circles and the tangle \[0\] or the tangle $\lbrack\infty\rbrack$, so the bracket polynomial of *T* can be defined as$$\langle T\rangle = \sum\limits_{S}A^{a(S) - b(S)}{( - A^{2} - A^{- 2})}^{|S|}e(S)$$ Where $e(S) = \langle\lbrack 0\rbrack\rangle,or\langle\lbrack\infty\rbrack\rangle$. Lemma 1*Let T be any 2-tangle and let* $\langle T\rangle$ *be the formal expansion of the bracket on this tangle. Then there exist elements* $a(A)$ *and* $b(A)$ *in* $\mathbb{Z}\lbrack A,A^{- 1}\rbrack$*, such that*$$\langle T\rangle = a(A)\langle\lbrack\infty\rbrack\rangle + b(A)\langle\lbrack 0\rbrack\rangle$$ For simplicity, we write the last formula as$$\langle T\rangle = a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle$$ Define *M* to be the free module over $\mathbb{Z}\lbrack A,A^{- 1}\rbrack$ with basis $\{\langle\lbrack\infty\rbrack\rangle,\langle\lbrack 0\rbrack\rangle\}$. The following operation of multiplication on the module *M* is defined by Bataineh in [@br0030]. Definition 11Let $\langle T\rangle = a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle$, and $\langle S\rangle = c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle$. Define$$\langle T\rangle \oplus \langle S\rangle = (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) \oplus (c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle) = ac\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + ad\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\mspace{1mu} + bc\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + bd\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle$$

3.1. Algebraic properties {#se0050}
-------------------------

Lemma 2*The following four linearity identities hold*$\langle\lbrack\infty\rbrack + \lbrack\infty\rbrack\rangle = \langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle$*,  *$\langle\lbrack\infty\rbrack + \lbrack 0\rbrack\rangle = \langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle$$\langle\lbrack 0\rbrack + \lbrack\infty\rbrack\rangle = \langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle$*,  *$\langle\lbrack 0\rbrack + \lbrack 0\rbrack\rangle = \langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle$ Proof$$\langle\lbrack\infty\rbrack + \lbrack\infty\rbrack\rangle = \left\langle \rangle ◯\langle \right\rangle = \delta\langle\infty\rangle = \langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle,where\ \delta = - A^{2} - A^{- 2}\langle\lbrack\infty\rbrack + \lbrack 0\rbrack\rangle = \left\langle \rangle\langle \right\rangle = \langle\lbrack\infty\rbrack\rangle = \langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\langle\lbrack 0\rbrack + \lbrack\infty\rbrack\rangle = \left\langle \rangle\langle \right\rangle = \langle\lbrack\infty\rbrack\rangle = \langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle\langle\lbrack 0\rbrack + \lbrack 0\rbrack\rangle = \langle \asymp \rangle = \langle\lbrack 0\rbrack\rangle = \langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle$$ □ Theorem 3*Let T and S be two 2-tangles, then*$$\langle T + S\rangle = \langle T\rangle \oplus \langle S\rangle$$ ProofLet $\langle T\rangle = a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle$, and $\langle S\rangle = c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle$, then □ Lemma 3$(M, \oplus )$ *is a commutative monoid, that is if* $\langle T\rangle,\langle S\rangle,\langle R\rangle \in M$*, then*(1)$\langle\lbrack 0\rbrack\rangle \oplus \langle T\rangle = \langle T\rangle \oplus \langle\lbrack 0\rbrack\rangle = \langle T\rangle$(2)$(\langle T\rangle \oplus \langle S\rangle) \oplus \langle R\rangle = \langle T\rangle \oplus (\langle S\rangle \oplus \langle R\rangle)$(3)$\langle T\rangle \oplus \langle S\rangle = \langle S\rangle \oplus \langle T\rangle$*.* Proof(1) Let $\langle T\rangle = a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle$, so$$\langle\lbrack 0\rbrack\rangle \oplus \langle T\rangle = \langle\lbrack 0\rbrack\rangle \oplus (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) = a\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle = a\langle\lbrack 0\rbrack + \lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack + \lbrack 0\rbrack\rangle = a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle = \langle T\rangle$$ And in the same way we get $\langle T\rangle = \langle T\rangle \oplus \langle\lbrack 0\rbrack\rangle$.(2) Let $\langle T\rangle = a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle$, $\langle S\rangle = c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle$ and $\langle R\rangle = e\langle\lbrack\infty\rbrack\rangle + f\langle\lbrack 0\rbrack\rangle$, so we have$$(\langle T\rangle \oplus \langle S\rangle) \oplus \langle R\rangle\quad = \left( (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) \oplus (c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle) \right) \oplus (e\langle\lbrack\infty\rbrack\rangle + f\langle\lbrack 0\rbrack\rangle)\quad = \left( ac\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + ad\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle + bc\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle\quad\mspace{1mu} + bd\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \right) \oplus (e\langle\lbrack\infty\rbrack\rangle + f\langle\lbrack 0\rbrack\rangle)\quad = ace\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + acf\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad\mspace{1mu} + ade\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + adf\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad\mspace{1mu} + bce\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + bcf\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad\mspace{1mu} + bde\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + bdf\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad = a\langle\lbrack\infty\rbrack\rangle \oplus \left( ce\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + cf\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle + de\langle\lbrack 0\rbrack\rangle\quad\mspace{1mu} \oplus \langle\lbrack\infty\rbrack\rangle + df\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \right) + b\langle\lbrack 0\rbrack\rangle \oplus \left( ce\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle\quad\mspace{1mu} + cf\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle + de\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + df\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \right)\quad = (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) \oplus \left( ce\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + cf\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad\mspace{1mu} + de\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + df\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \right)\quad = (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) \oplus \left( (c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle) \oplus (e\langle\lbrack\infty\rbrack\rangle + f\langle\lbrack 0\rbrack\rangle) \right)\quad = \langle T\rangle \oplus (\langle S\rangle \oplus \langle R\rangle)$$ (3) Let $\langle T\rangle = a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle$ and $\langle S\rangle = c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle$, so we have$$\langle T\rangle \oplus \langle S\rangle = (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) \oplus (c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle) = ac\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + ad\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle + bc\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle\mspace{1mu} + bd\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle = ca\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + da\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + cb\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\mspace{1mu} + db\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle = c\langle\lbrack\infty\rbrack\rangle \oplus (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) + d\langle\lbrack 0\rbrack\rangle \oplus (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) = (c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle) \oplus (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) = \langle S\rangle \oplus \langle T\rangle$$ □ Theorem 4$(M, \oplus )$ *is an associative commutative algebra over the ring* $\mathbb{Z}\lbrack A,A^{- 1}\rbrack$*, that is if* $\langle T\rangle,\langle S\rangle,\langle R\rangle \in M$ *and* $p,q \in \mathbb{Z}\lbrack A,A^{- 1}\rbrack$*, then*(1)$\langle T\rangle \oplus (\langle S\rangle + \langle R\rangle) = (\langle T\rangle \oplus \langle S\rangle) + (\langle T\rangle \oplus \langle R\rangle)$(2)$(\langle T\rangle + \langle S\rangle) \oplus \langle R\rangle = (\langle T\rangle \oplus \langle R\rangle) + (\langle S\rangle \oplus \langle R\rangle)$(3)$(p\langle T\rangle) \oplus (q\langle S\rangle) = pq(\langle T\rangle \oplus \langle S\rangle)$ ProofLet $\langle T\rangle = a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle$, $\langle S\rangle = c\langle\lbrack\infty\rbrack\rangle + d\langle\lbrack 0\rbrack\rangle$ and $\langle R\rangle = e\langle\lbrack\infty\rbrack\rangle + f\langle\lbrack 0\rbrack\rangle$, so we have$$\langle T\rangle \oplus (\langle S\rangle + \langle R\rangle)\quad = (a\langle\lbrack\infty\rbrack\rangle + b\langle\lbrack 0\rbrack\rangle) \oplus ((c + e)\langle\lbrack\infty\rbrack\rangle + (d + f)\langle\lbrack 0\rbrack\rangle)\quad = a(c + e)\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + a(d + f)\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad\mspace{1mu} + b(c + e)\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + b(d + f)\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad = ac\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + ae\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + ad\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad\mspace{1mu} + af\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle + bc\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + be\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle\quad\mspace{1mu} + bd\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle + bf\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad\mspace{1mu} = \left( ac\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + ad\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle + bc\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle\quad\mspace{1mu} + bd\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \right) + \left( ae\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + af\langle\lbrack\infty\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle\quad\mspace{1mu} + be\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack\infty\rbrack\rangle + bf\langle\lbrack 0\rbrack\rangle \oplus \langle\lbrack 0\rbrack\rangle \right)\quad\mspace{1mu} = (\langle T\rangle \oplus \langle S\rangle) + (\langle T\rangle \oplus \langle R\rangle)$$ The second one holds through commutativity property.The third one,$$(p\langle T\rangle) \oplus (q\langle S\rangle) = (pa\langle\lbrack\infty\rbrack\rangle + pb\langle\lbrack 0\rbrack\rangle) \oplus (qc\langle\lbrack\infty\rbrack\rangle + qd\langle\lbrack 0\rbrack\rangle) = (paqc\delta + paqd + pbqc)\langle\lbrack\infty\rbrack\rangle + (pbqd)\langle\lbrack 0\rbrack\rangle = pq(ac\delta + ad + bc)\langle\lbrack\infty\rbrack\rangle + pq(bd)\langle\lbrack 0\rbrack\rangle = pq(\langle T\rangle \oplus \langle S\rangle)$$ □

3.2. Some consequences {#se0060}
----------------------

Lemma 4*For* $n \in \mathbb{Z}$*, we have* $\langle\lbrack n\rbrack\rangle = \delta^{- 1}\lbrack{( - A^{3})}^{n} - (A^{- n})\rbrack\langle\lbrack\infty\rbrack\rangle + \lbrack A^{- n}\rbrack\langle\lbrack 0\rbrack\rangle$*.* ProofThe equation clearly holds for $n = 0$. For $n \in \mathbb{Z}^{+}$On the other hand, for $n \in \mathbb{Z}^{-}$ □ Definition 12Let $\alpha \in \mathbb{Z}\lbrack A,A^{- 1}\rbrack$, then $\alpha^{\ast}$ is the result of replacing each *A* in *α* by $A^{- 1}$. Also if $\langle T\rangle = \alpha\langle\lbrack\infty\rbrack\rangle + \beta\langle\lbrack 0\rbrack\rangle$, then we define ${\langle T\rangle}^{\ast} = \alpha^{\ast}\langle\lbrack\infty\rbrack\rangle + \beta^{\ast}\langle\lbrack 0\rbrack\rangle$. Lemma 5*For any rational tangle T, we have* $\langle - T\rangle = {\langle T\rangle}^{\ast}$*.* ProofRecall that$$\langle T\rangle = \sum\limits_{S}A^{a(S) - b(S)}{( - A^{2} - A^{- 2})}^{|S|}e(S)$$ where $e(S) = \langle\lbrack 0\rbrack\rangle$ or $\langle\lbrack\infty\rbrack\rangle$. Note that every state *S* contributing in $\langle - T\rangle$ involves a similar structure of the corresponding state in $\langle T\rangle$, except that each split of a crossing in $\langle - T\rangle$ replaces *A* by $A^{- 1}$. This means that the factor $A^{a(S) - b(S)}$ in $\langle T\rangle$ will be replaced by $A^{b(S) - a(S)}$ in $\langle - T\rangle$. The factor ${( - A^{2} - A^{- 2})}^{|S|}$ in $\langle T\rangle$ stays the same in $\langle - T\rangle$ as it only depends on the number of circles in *S*. Also $e(S)$ in $\langle T\rangle$ stays the same in $\langle - T\rangle$ as $\lbrack - 0\rbrack = \lbrack 0\rbrack$ and $\lbrack - \infty\rbrack = \lbrack\infty\rbrack$. Therefore$$\langle - T\rangle = \sum\limits_{S}A^{b(S) - a(S)}{( - A^{2} - A^{- 2})}^{|S|}e(S) = {\langle T\rangle}^{\ast}$$ □ Definition 13If $\langle T\rangle = \alpha\langle\lbrack\infty\rbrack\rangle + \beta\langle\lbrack 0\rbrack\rangle$, then we define the reciprocal (inverse) of $\langle T\rangle$ denoted by $\frac{1}{\langle T\rangle}$ or ${\langle T\rangle}^{i}$ to be$${\langle T\rangle}^{i} = \beta^{\ast}\langle\lbrack\infty\rbrack\rangle + \alpha^{\ast}\langle\lbrack 0\rbrack\rangle.$$ In particular ${\langle\lbrack\infty\rbrack\rangle}^{i} = \langle\lbrack 0\rbrack\rangle$, and ${\langle\lbrack 0\rbrack\rangle}^{i} = \langle\lbrack\infty\rbrack\rangle$. Lemma 6*If T is a 2-tangle with* $\langle T\rangle = \alpha\langle\lbrack\infty\rbrack\rangle + \beta\langle\lbrack 0\rbrack\rangle$*, then we have the following reciprocal formula*$$\langle\frac{1}{T}\rangle = \frac{1}{\langle T\rangle}$$ Proof □ Corollary 1*For* $n \in \mathbb{Z}$*, we have*$$\left\langle \frac{1}{\lbrack n\rbrack} \right\rangle = \lbrack A^{n}\rbrack\langle\lbrack\infty\rbrack\rangle + \delta^{- 1}\lbrack{( - A^{- 3})}^{n} - (A^{n})\rbrack\langle\lbrack 0\rbrack\rangle = \frac{1}{\langle\lbrack n\rbrack\rangle}$$ Theorem 5*For a rational tangle* $T = \lbrack a_{1}\cdots a_{m}\rbrack$*, we have*$$\langle T\rangle = \langle\lbrack a_{1}\rbrack\rangle \oplus \frac{1}{\langle\lbrack a_{2}\rbrack\rangle \oplus \frac{1}{\cdots \oplus \frac{1}{\langle\lbrack a_{m - 1}\rbrack\rangle \oplus \frac{1}{\langle\lbrack a_{m}\rbrack\rangle}}}}$$ ProofLet $T = \lbrack a_{1}\ a_{2}\rbrack$, then we have$$\langle T\rangle = \langle\lbrack a_{1}\ a_{2}\rbrack\rangle = \left\langle \lbrack a_{1}\rbrack + \frac{1}{\lbrack a_{2}\rbrack} \right\rangle = \langle\lbrack a_{1}\rbrack\rangle \oplus \left\langle \frac{1}{\lbrack a_{2}\rbrack} \right\rangle,\text{~by\ Theorem\ 3.} = \langle\lbrack a_{1}\rbrack\rangle \oplus \frac{1}{\langle\lbrack a_{2}\rbrack\rangle},\text{~by\ Lemma\ 6.}$$ Suppose that the statement is true for any rational tangle with n-components. Let $T = \lbrack a_{1}\ a_{2}\ ...\ a_{n + 1}\rbrack$, then$$\langle T\rangle = \left\langle \lbrack a_{1}\rbrack + \frac{1}{S} \right\rangle\text{;\ where~}S = \lbrack a_{2}\rbrack + \frac{1}{\cdots + \frac{1}{\lbrack a_{n}\rbrack + \frac{1}{\lbrack a_{n + 1}\rbrack}}} = \langle\lbrack a_{1}\rbrack\rangle \oplus \left\langle \frac{1}{S} \right\rangle,\text{~by\ Theorem\ 3.} = \langle\lbrack a_{1}\rbrack\rangle \oplus \frac{1}{\langle S\rangle},\text{~by\ Lemma\ 6.} = \langle\lbrack a_{1}\rbrack\rangle \oplus \frac{1}{\langle\lbrack a_{2}\rbrack\rangle \oplus \frac{1}{\cdots \oplus \frac{1}{\langle\lbrack a_{m - 1}\rbrack\rangle \oplus \frac{1}{\langle\lbrack a_{m}\rbrack\rangle}}}}\text{,\ by\ assumption}$$ □

4. Jones polynomial for algebraic tangles and links {#se0070}
===================================================

We give some formulas to compute the *X* polynomial for the numerator closure for rational tangles with two and three components and for pretzel tangles with two components and give some examples to compute the *X* polynomial for rational, pretzel and algebraic links. Finally we introduce some properties for a specific invariant. Proposition 1*If* $n_{1},n_{2} \in \mathbb{Z}$*, then we have,* $\langle cl\lbrack n_{1}\ n_{2}\rbrack\rangle = A^{n_{2}}\lbrack{( - A^{3})}^{n_{1}} - {(A)}^{- n_{1}}\rbrack + \delta^{- 2}\lbrack{( - A^{3})}^{n_{1}} - {(A)}^{- n_{1}}\rbrack\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack + {(A)}^{- n_{1}}\lbrack{( - A^{- 3})}^{n_{2}}\rbrack$*; where* $cl\lbrack n_{1}\ n_{2}\rbrack$ *is the numerator closure of* $\lbrack n_{1}\ n_{2}\rbrack$*.* ProofLet $n_{1},n_{2} \in \mathbb{Z}$, then we have$$\langle\lbrack n_{1}\ n_{2}\rbrack\rangle = \left\langle \lbrack n_{1}\rbrack + \frac{1}{\lbrack n_{2}\rbrack} \right\rangle = \langle\lbrack n_{1}\rbrack\rangle \oplus \left\langle \frac{1}{\lbrack n_{2}\rbrack} \right\rangle = \left( \delta^{- 1}\lbrack{( - A^{3})}^{n_{1}} - {(A)}^{- n_{1}}\rbrack\langle\lbrack\infty\rbrack\rangle + {(A)}^{- n_{1}}\langle\lbrack 0\rbrack\rangle \right).\left( A^{n_{2}}\langle\lbrack\infty\rbrack\rangle\, + \delta^{- 1}\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack\langle\lbrack 0\rbrack\rangle \right) = \left( A^{n_{2}}\lbrack{( - A^{3})}^{n_{1}} - A^{- n_{1}}\rbrack + \delta^{- 2}\lbrack{( - A^{3})}^{n_{1}} - A^{- n_{1}}\rbrack\lbrack{( - A^{- 3})}^{n_{2}}\, - A^{n_{2}}\rbrack + A^{n_{2} - n_{1}} \right)\langle\lbrack\infty\rbrack\rangle + \delta^{- 1}A^{- n_{1}}\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack\langle\lbrack 0\rbrack\rangle$$$$\langle cl\lbrack n_{1}\ n_{2}\rbrack\rangle = \left( A^{n_{2}}\lbrack{( - A^{3})}^{n_{1}} - {(A)}^{- n_{1}}\rbrack + \delta^{- 2}\lbrack{( - A^{3})}^{n_{1}} - {(A)}^{- n_{1}}\rbrack\, \times \lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack + {(A)}^{n_{2} - n_{1}} \right)\langle ◯\rangle\, + \delta^{- 1}A^{- n_{1}}\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack\langle ◯◯\rangle = A^{n_{2}}\lbrack{( - A^{3})}^{n_{1}} - {(A)}^{- n_{1}}\rbrack + \delta^{- 2}\lbrack{( - A^{3})}^{n_{1}} - {(A)}^{- n_{1}}\rbrack\, \times \lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack + {(A)}^{n_{2} - n_{1}} + A^{- n_{1}}\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack = A^{n_{2}}\lbrack{( - A^{3})}^{n_{1}} - {(A)}^{- n_{1}}\rbrack + \delta^{- 2}\lbrack{( - A^{3})}^{n_{1}} - {(A)}^{- n_{1}}\rbrack\mspace{1mu} \times \lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack + A^{- n_{1}}\lbrack{( - A^{- 3})}^{n_{2}}\rbrack.$$ □ Notice that, the *X* polynomial for the oriented link $(cl\lbrack n_{1}\ n_{2}\rbrack)$ as follows:$$X(cl\lbrack n_{1}\ n_{2}\rbrack) = {( - A^{3})}^{- w(cl\lbrack n_{1}\ n_{2}\rbrack)}\left\langle \middle| cl\lbrack n_{1}\ n_{2}\rbrack \middle| \right\rangle$$ Proposition 2*If* $n_{1},n_{2},n_{3} \in \mathbb{Z}$*, then we have,*$$\langle cl\lbrack n_{1}\ n_{2}\ n_{3}\rbrack\rangle = \left\lbrack A^{n_{3}}{( - A^{3})}^{n_{2}}\lbrack{( - A^{3})}^{n_{1}} - (A^{- n_{1}})\rbrack + \delta^{- 2}\lbrack{( - A^{3})}^{n_{1}} - (A^{- n_{1}})\rbrack\, \times \lbrack{( - A^{3})}^{n_{2}} - (A^{- n_{2}})\rbrack\lbrack{( - A^{- 3})}^{n_{3}} - A^{n_{3}}\rbrack\, + (A^{- n_{1}}){( - A^{3})}^{n_{2}}{(A)}^{n_{3}} + \delta^{- 2}\lbrack A^{- n_{1}}\rbrack\lbrack{( - A^{3})}^{n_{2}}\, - (A^{- n_{2}})\rbrack\lbrack{( - A^{- 3})}^{n_{3}} - A^{n_{3}}\rbrack + \delta^{- 2}\lbrack A^{- n_{2}}\rbrack\lbrack{( - A^{3})}^{n_{1}} - (A^{- n_{1}})\rbrack\, \times \lbrack{( - A^{- 3})}^{n_{3}} - A^{n_{3}}\rbrack \right\rbrack + \lbrack A^{- n_{1} - n_{2}}\rbrack\lbrack{( - A^{- 3})}^{n_{3}} - A^{n_{3}}\rbrack$$ Notice that, the *X* polynomial for the oriented link $(cl\lbrack n_{1}\ n_{2}\ n_{3}\rbrack)$ as follows:$$X(cl\lbrack n_{1}\ n_{2}\ n_{3}\rbrack) = {( - A^{3})}^{- w(cl\lbrack n_{1}\ n_{2}\ n_{3}\rbrack)}\left\langle \middle| cl\lbrack n_{1}\ n_{2}\ n_{3}\rbrack \middle| \right\rangle$$ Example 1Consider the following oriented knot diagram ([Fig. 12](#fg0250){ref-type="fig"}). To find the *X* polynomial for $D_{1}$ we must compute the writhe of $D_{1}$. $w(D_{1}) = - 1 + - 1 + - 1 + 1 + 1 = - 1$. Notice that, this knot is equal to $cl\lbrack - 3\ 2\rbrack$, so we have$$X(D_{1}) = X(cl\lbrack - 3\ 2\rbrack) = {( - A^{3})}^{- w(cl\lbrack - 3\ 2\rbrack)}\left\langle \middle| cl\lbrack - 3\ 2\rbrack \middle| \right\rangle = \lbrack - A^{3}\rbrack.\left\lbrack A^{2}\lbrack{( - A^{3})}^{- 3} - {(A)}^{3}\rbrack + \delta^{- 2}\lbrack{( - A^{3})}^{- 3} - {(A)}^{3}\rbrack\lbrack{( - A^{- 3})}^{2} - A^{2}\rbrack\, + {(A)}^{3}\lbrack{( - A^{- 3})}^{2}\rbrack \right\rbrack = \lbrack - A^{3}\rbrack.\left\lbrack - A^{- 7} - A^{5} + \delta^{- 2}\lbrack - A^{- 9} - A^{3}\rbrack\lbrack A^{- 6} - A^{2}\rbrack + A^{- 3} \right\rbrack = A^{- 4} + A^{8} + \delta^{- 2}\lbrack A^{6} + A^{- 6}\rbrack\lbrack A^{- 6} - A^{2}\rbrack - 1 = A^{8} + A^{- 4} + \delta^{- 2}\lbrack - A^{8} + A^{- 12} - A^{- 4} + 1\rbrack - 1$$Figure 12An oriented knot diagram *D*~1~.Figure 12 The following proposition gives the bracket of the closure of a pretzel tangle with two components. Proposition 3*If* $n_{1},n_{2} \in \mathbb{Z}$*, then we have* $\langle cl(n_{1},n_{2})\rangle = A^{n_{1} + n_{2}}(\delta - \delta^{- 1}) + \delta^{- 1}{( - A^{- 3})}^{n_{1} + n_{2}}$*; where* $cl(n_{1},n_{2})$ *is the numerator closure of* $(n_{1},n_{2})$*.* ProofLet $n_{1},n_{2} \in \mathbb{Z}$, then we have$$\langle(n_{1},n_{2})\rangle = \left\langle \frac{1}{\lbrack n_{1}\rbrack} + \frac{1}{\lbrack n_{2}\rbrack} \right\rangle = \left\langle \frac{1}{\lbrack n_{1}\rbrack} \right\rangle \oplus \left\langle \frac{1}{\lbrack n_{2}\rbrack} \right\rangle = \left( A^{n_{1}}\langle\lbrack\infty\rbrack\rangle + \delta^{- 1}\lbrack{( - A^{- 3})}^{n_{1}} - A^{n_{1}}\rbrack\langle\lbrack 0\rbrack\rangle \right).\left( A^{n_{2}}\langle\lbrack\infty\rbrack\rangle\mspace{1mu} + \delta^{- 1}\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack\langle\lbrack 0\rbrack\rangle \right) = \left( \delta A^{n_{1} + n_{2}} + \delta^{- 1}A^{n_{1}}\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack\mspace{1mu} + \delta^{- 1}A^{n_{2}}\lbrack{( - A^{- 3})}^{n_{1}} - A^{n_{1}}\rbrack \right)\langle\lbrack\infty\rbrack\rangle\mspace{1mu} + \delta^{- 2}\lbrack{( - A^{- 3})}^{n_{1}} - A^{n_{1}}\rbrack\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack\langle\lbrack 0\rbrack\rangle$$$$\langle cl(n_{1},n_{2})\rangle = \left( \delta A^{n_{1} + n_{2}} + \delta^{- 1}A^{n_{1}}\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack\mspace{1mu} + \delta^{- 1}A^{n_{2}}\lbrack{( - A^{- 3})}^{n_{1}} - A^{n_{1}}\rbrack \right)\langle ◯\rangle\mspace{1mu} + \delta^{- 2}\lbrack{( - A^{- 3})}^{n_{1}} - A^{n_{1}}\rbrack\lbrack{( - A^{- 3})}^{n_{2}} - A^{n_{2}}\rbrack\langle ◯◯\rangle = \delta A^{n_{1} + n_{2}} + \delta^{- 1}A^{n_{1}}{( - A^{- 3})}^{n_{2}} + \delta^{- 1}A^{n_{2}}{( - A^{- 3})}^{n_{1}} - 2\delta^{- 1}A^{n_{1} + n_{2}}\mspace{1mu} + \delta^{- 1}{( - A^{- 3})}^{n_{1} + n_{2}} - \delta^{- 1}A^{n_{2}}{( - A^{- 3})}^{n_{1}} - \delta^{- 1}A^{n_{1}}{( - A^{- 3})}^{n_{2}}\mspace{1mu} + \delta^{- 1}A^{n_{1} + n_{2}} = \delta A^{n_{1} + n_{2}} - \delta^{- 1}A^{n_{1} + n_{2}} + \delta^{- 1}{( - A^{- 3})}^{n_{1} + n_{2}} = A^{n_{1} + n_{2}}(\delta - \delta^{- 1}) + \delta^{- 1}{( - A^{- 3})}^{n_{1} + n_{2}}$$ □ Notice that, the *X* polynomial for the oriented link $cl(n_{1},n_{2})$ as follows:$$X(cl(n_{1},n_{2})) = {( - A^{3})}^{- w(cl(n_{1},n_{2}))}\left\langle \middle| cl(n_{1},n_{2}) \middle| \right\rangle$$ Example 2Consider the following oriented knot diagram ([Fig. 13](#fg0260){ref-type="fig"}). To find the *X* polynomial for $D_{2}$ we must compute the writhe of $D_{2}$. $w(D_{2}) = 7$. Notice that, this knot is equal to $cl\lbrack 3\ 4\rbrack$, so we have$$X(D_{2}) = X(cl(3,4)) = {( - A^{3})}^{- w(cl(3,4))}\left\langle \middle| cl(3,4) \middle| \right\rangle = {\lbrack - A^{3}\rbrack}^{- 7}.\left\lbrack A^{3 + 4}(\delta - \delta^{- 1}) + \delta^{- 1}{( - A^{- 3})}^{3 + 4} \right\rbrack = \lbrack - A^{- 21}\rbrack.\left\lbrack A^{7}(\delta - \delta^{- 1}) + \delta^{- 1}( - A^{- 21}) \right\rbrack = - A^{- 14}(\delta - \delta^{- 1}) + \delta^{- 1}(A^{- 42})$$Figure 13An oriented knot diagram *D*~2~.Figure 13 Example 3Consider the following knot diagram ([Fig. 14](#fg0270){ref-type="fig"}). To find the *X* polynomial for $D_{3}$ we must compute the writhe of $D_{3}$. $w(D_{3}) = 4 + - 5 + - 3 = - 4$. Notice that, this knot is an algebraic which is equal to $cl\left( \lbrack 3\rbrack + \frac{1}{\frac{1}{\lbrack 4\rbrack} + \frac{1}{\lbrack 5\rbrack}} \right)$, so we have$$\left\langle \lbrack 3\rbrack + \frac{1}{\frac{1}{\lbrack 4\rbrack} + \frac{1}{\lbrack 5\rbrack}} \right\rangle\quad = \langle\lbrack 3\rbrack\rangle \oplus \frac{1}{\langle\frac{1}{\lbrack 4\rbrack}\rangle \oplus \langle\frac{1}{\lbrack 5\rbrack}\rangle}\quad = \left\lbrack \delta^{- 1}\lbrack - A^{9} - (A^{- 3})\rbrack\langle\lbrack\infty\rbrack\rangle + (A^{- 3})\langle\lbrack 0\rbrack\rangle \right\rbrack\quad\,.\left\lbrack \delta^{- 2}\lbrack A^{12} - (A^{- 4})\rbrack\lbrack - A^{15} - (A^{- 5})\rbrack\langle\lbrack\infty\rbrack\rangle\quad\, + \left\lbrack \delta(A^{- 9}) + \delta^{- 1}\lbrack - A^{11} - (A^{- 9})\rbrack + \delta^{- 1}\lbrack A^{7} - (A^{- 9})\rbrack \right\rbrack\langle\lbrack 0\rbrack\rangle \right\rbrack\quad = \left\lbrack \delta^{- 2}\lbrack - A^{9} - (A^{- 3})\rbrack\lbrack A^{12} - (A^{- 4})\rbrack\lbrack - A^{15} - (A^{- 5})\rbrack\quad\, + \lbrack - 1 - (A^{- 12})\rbrack + \delta^{- 2}\lbrack - A^{9} - (A^{- 3})\rbrack\lbrack - A^{11} - (A^{- 9})\rbrack\quad\, + \delta^{- 2}\lbrack - A^{9} - (A^{- 3})\rbrack\lbrack A^{7} - (A^{- 9})\rbrack\quad\, + \delta^{- 2}\lbrack A^{9} - (A^{- 7})\rbrack\lbrack - A^{15} - (A^{- 5})\rbrack \right\rbrack\langle\lbrack\infty\rbrack\rangle\quad\, + \left\lbrack \delta(A^{- 12}) + \delta^{- 1}\lbrack - A^{8} - (A^{- 12})\rbrack + \delta^{- 1}\lbrack A^{4} - (A^{- 12})\rbrack \right\rbrack\langle\lbrack 0\rbrack\rangle$$$$\left\langle cl\left( \lbrack 3\rbrack + \frac{1}{\frac{1}{\lbrack 4\rbrack} + \frac{1}{\lbrack 5\rbrack}} \right) \right\rangle\quad = \left\lbrack \delta^{- 2}\lbrack - A^{9} - (A^{- 3})\rbrack\lbrack A^{12} - (A^{- 4})\rbrack\lbrack - A^{15} - (A^{- 5})\rbrack\quad\, + \lbrack - 1 - (A^{- 12})\rbrack + \delta^{- 2}\lbrack - A^{9} - (A^{- 3})\rbrack\lbrack - A^{11} - (A^{- 9})\rbrack\quad\, + \delta^{- 2}\lbrack - A^{9} - (A^{- 3})\rbrack\lbrack A^{7} - (A^{- 9})\rbrack\quad\, + \delta^{- 2}\lbrack A^{9} - (A^{- 7})\rbrack\lbrack - A^{15} - (A^{- 5})\rbrack \right\rbrack\quad\, + \left\lbrack \delta^{2}(A^{- 12}) + \lbrack - A^{8} - (A^{- 12})\rbrack + \lbrack A^{4} - (A^{- 12})\rbrack \right\rbrack$$$$X(D_{3}) = X\left( cl\left( \lbrack 3\rbrack + \frac{1}{\frac{1}{\lbrack 4\rbrack} + \frac{1}{\lbrack 5\rbrack}} \right) \right) = {( - A^{3})}^{- w(cl(\lbrack 3\rbrack + \frac{1}{\frac{1}{\lbrack 4\rbrack} + \frac{1}{\lbrack 5\rbrack}}))}\left\langle \middle| cl\left( \lbrack 3\rbrack + \frac{1}{\frac{1}{\lbrack 4\rbrack} + \frac{1}{\lbrack 5\rbrack}} \right)| \right\rangle = ( - A^{12})\left\lbrack \left\lbrack \delta^{- 2}\lbrack - A^{9} - (A^{- 3})\rbrack\lbrack A^{12} - (A^{- 4})\rbrack\lbrack - A^{15} - (A^{- 5})\rbrack\, + \lbrack - 1 - (A^{- 12})\rbrack + \delta^{- 2}\lbrack - A^{9} - (A^{- 3})\rbrack\lbrack - A^{11} - (A^{- 9})\rbrack\, + \delta^{- 2}\lbrack - A^{9} - (A^{- 3})\rbrack\lbrack A^{7} - (A^{- 9})\rbrack\, + \delta^{- 2}\lbrack A^{9} - (A^{- 7})\rbrack\lbrack - A^{15} - (A^{- 5})\rbrack \right\rbrack\, + \left\lbrack \delta^{2}(A^{- 12}) + \lbrack - A^{8} - (A^{- 12})\rbrack + \lbrack A^{4} - (A^{- 12})\rbrack \right\rbrack \right\rbrack$$Figure 14An oriented knot diagram *D*~3~.Figure 14 The following ratio invariant is defined by Kauffman. See [@br0070] Definition 14Let *T* be any tangle with $\langle T\rangle = \alpha\langle\lbrack\infty\rbrack\rangle + \beta\langle\lbrack 0\rbrack\rangle$. Define$$f(T) = - i\frac{\alpha}{\beta}|_{A = \sqrt{i}}$$ Recall that, for $n \in \mathbb{Z}$, we have $\langle\lbrack n\rbrack\rangle = \left\lbrack \sum_{i = 1}^{n}\begin{pmatrix}
n \\
i \\
\end{pmatrix}A^{2i - n}\delta^{i - 1} \right\rbrack\langle\lbrack\infty\rbrack\rangle + A^{- n}\langle\lbrack 0\rbrack\rangle$. See the proof of [Lemma 3](#en0190){ref-type="statement"}.

Lemma 7*If* $T = \lbrack n\rbrack$*, then* $f(\lbrack n\rbrack) = n$*; where* $n \in \mathbb{Z}$*.* ProofLet $n \in \mathbb{Z}$, then we have$$f(\lbrack n\rbrack) = - i\frac{n{(\sqrt{i})}^{2 - n}}{{(\sqrt{i})}^{- n}};\ \text{note\ that~}\delta|_{\sqrt{i}} = 0 = - i\frac{n.i{(\sqrt{i})}^{- n}}{{(\sqrt{i})}^{- n}} = n$$ □ Lemma 8*If* $T = \frac{1}{\lbrack n\rbrack}$*, then* $f\left( \frac{1}{\lbrack n\rbrack} \right) = \frac{1}{n}$*; where* $n \in \mathbb{Z}$*.* ProofLet $n \in \mathbb{Z}$ with $\langle\lbrack n\rbrack\rangle = \alpha\langle\lbrack\infty\rbrack\rangle + \beta\langle\lbrack 0\rbrack\rangle$, then $\left\langle \frac{1}{\lbrack n\rbrack} \right\rangle = \alpha^{\ast}\langle\lbrack 0\rbrack\rangle + \beta^{\ast}\langle\lbrack\infty\rbrack\rangle$.$$\left\langle \frac{1}{\lbrack n\rbrack} \right\rangle = \left\lbrack \sum\limits_{i = 1}^{n}\begin{pmatrix}
n \\
i \\
\end{pmatrix}A^{n - 2i}\delta^{i - 1} \right\rbrack\langle\lbrack 0\rbrack\rangle + \lbrack A^{n}\rbrack\langle\lbrack\infty\rbrack\rangle\left\langle \frac{1}{\lbrack n\rbrack} \right\rangle|_{A = \sqrt{i}} = n{(\sqrt{i})}^{n - 2}\langle\lbrack 0\rbrack\rangle + ({\sqrt{i}}^{n})\langle\lbrack\infty\rbrack\rangle f\left( \frac{1}{\lbrack n\rbrack} \right) = - i\frac{{(\sqrt{i})}^{n}}{n{(\sqrt{i})}^{n - 2}} = - i\frac{{(\sqrt{i})}^{n}}{n{(\sqrt{i})}^{n}.{(\sqrt{i})}^{- 2}} = \frac{1}{n}$$ □ Lemma 9*Let* $T_{1}$ *and* $T_{2}$ *be any two tangles, then*$$f(T_{1} + T_{2}) = f(T_{1}) + f(T_{2})$$ ProofLet $T_{1}$ and $T_{2}$ be any two tangles with $\langle T_{1}\rangle = \alpha_{1}\langle\lbrack\infty\rbrack\rangle + \beta_{1}\langle\lbrack 0\rbrack\rangle$ and $\langle T_{2}\rangle = \alpha_{2}\langle\lbrack\infty\rbrack\rangle + \beta_{2}\langle\lbrack 0\rbrack\rangle$.$$\langle T_{1} + T_{2}\rangle = \langle T\rangle \oplus \langle T_{2}\rangle = (\alpha_{1}\langle\lbrack\infty\rbrack\rangle + \beta_{1}\langle\lbrack 0\rbrack\rangle).(\alpha_{2}\langle\lbrack\infty\rbrack\rangle + \beta_{2}\langle\lbrack 0\rbrack\rangle) = (\alpha_{1}\alpha_{2}\delta + \alpha_{1}\beta_{2} + \beta_{1}\alpha_{2})\langle\lbrack\infty\rbrack\rangle + \beta_{1}\beta_{2}\langle\lbrack 0\rbrack\rangle.$$$$f(T_{1} + T_{2}) = - i\left( \frac{0 + \alpha_{1}\beta_{2} + \beta_{1}\alpha_{2}}{\beta_{1}\beta_{2}} \right)|_{A = \sqrt{i}} = - i\left( \frac{\alpha_{1}\beta_{2}}{\beta_{1}\beta_{2}} \right)|_{A = \sqrt{i}} + - i\left( \frac{\beta_{1}\alpha_{2}}{\beta_{1}\beta_{2}} \right)|_{A = \sqrt{i}} = f(T_{1}) + f(T_{2})$$ □ Proposition 4*Let* $(n_{1},n_{2},\cdots,n_{m})$ *be any pretzel tangle, then*$$f(n_{1},n_{2},\cdots,n_{m}) = \frac{1}{n_{1}} + \frac{1}{n_{2}} + \cdots + \frac{1}{n_{m}}$$

5. Connectivity type {#se0080}
====================

In this section we construct a method to compute the connectivity type for pretzel tangles, which is an invariant for pretzel tangles. A connectivity type of a tangle *T* is a tangle $T^{\prime}$ resulting from *T* by allowing crossing changes until we get the least number of crossings. Therefore $T^{\prime}$ has the same number of components and the same endings (NW, NE, SW and SE) as *T*. Example 4The connectivity type for $T = \lbrack 2\rbrack$ is ≍, the connectivity type for $(2,2)$ is $|◯|$, also the connectivity type for $T = \lbrack 1\rbrack$ is \[1\] or $\lbrack - 1\rbrack$. We will denote the connectivity type of \[1\] and $\lbrack - 1\rbrack$ by ×. Lemma 10*Let* $(n_{1},n_{2},\cdots,n_{k})$ *be a pretzel tangle. If* $n_{j}$ *is even and* $x_{j}$*,* $x_{j + 1}$*,* $y_{j}$ *and* $y_{j + 1}$ *are four points as in* [Fig. 15](#fg0100){ref-type="fig"}*, then* $x_{j}$ *will connect with* $y_{j}$ *and* $x_{j + 1}$ *will connect with* $y_{j + 1}$*, and if* $n_{j}$ *is odd, then* $x_{j}$ *will connect with* $y_{j + 1}$ *and* $y_{j}$ *will connect with* $x_{j + 1}$ *as in* [Fig. 15](#fg0100){ref-type="fig"}*.*Figure 15How strands link together in the pretzel tangles.Figure 15

The proof is obvious.

Let $(n_{1},n_{2},\cdots,n_{k})$ be a pretzel tangle, consider the following theorems. Theorem 6*If* $n_{1}$ *is an even number, then a vertical line segment denoted by "*\|*" will appear in the left of the connectivity type, also if* $n_{k}$ *is even, then "*\|*" will appear in the right of the connectivity type.* ProofLet $n_{1}$ and $n_{k}$ be two even numbers, so by [Lemma 10](#en0510){ref-type="statement"}, $x_{1}$ will connect with $y_{1}$ and $x_{k + 1}$ will connect with $y_{k + 1}$. Therefore "\|" will appear in the left and in the right of the connectivity type ([Fig. 16](#fg0280){ref-type="fig"}). □Figure 16A pretzel tangle with *n*~1~ and *n*~*k*~ which are even.Figure 16 Theorem 7*If* $n_{1},\cdots,n_{j - 1}$ *are odd numbers and* $n_{j}$ *is even number, then "*\|*" will appear in the left of the connectivity type, also if* $n_{j},\cdots,n_{k}$ *are odd numbers and* $n_{j - 1}$ *is even, then "*\|*" will appear in the right of the connectivity type.* ProofSuppose that $n_{1},\cdots,n_{j - 1}$ are odd numbers and $n_{j}$ is even number ([Fig. 17](#fg0290){ref-type="fig"}).Figure 17A pretzel tangle with *n*~1~,*n*~2~,\...,*n*~*k*−1~ are odd and *n*~*k*~ is even.Figure 17By [Lemma 10](#en0510){ref-type="statement"}, if *j* is even, then $x_{1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{1}$, and if *j* is odd, then $x_{1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{1}$. Therefore "\|" will appear in the left of the connectivity type, whether *j* is even or odd.Assume that $n_{j},\cdots,n_{k}$ are odd numbers and $n_{j - 1}$ is even number ([Fig. 18](#fg0300){ref-type="fig"}).Figure 18A pretzel tangle with *n*~*j*~\...*n*~*k*~ are odd and *n*~*j*−1~ is even.Figure 18By [Lemma 10](#en0510){ref-type="statement"}, if $(k - j)$ is even, then $x_{k + 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{k}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k + 1}$. If $(k - j)$ is odd, then $x_{k + 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{k}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k + 1}$. Hence whether $(k - j)$ is even or odd, "\|" will appear in the right of the connectivity type. □ Theorem 8*If* $n_{1},\cdots,n_{k}$ *are odd numbers and k is even, then the connectivity type is* ≍*.* ProofSuppose that $(n_{1},\cdots,n_{k})$ is a pretzel tangle and $n_{1},\cdots,n_{k}$ are odd numbers and *k* is even ([Fig. 19](#fg0310){ref-type="fig"}).Figure 19A pretzel tangle with *n*~1~,\...,*n*~*k*~ are odd and *k* is even.Figure 19By [Lemma 10](#en0510){ref-type="statement"}, $x_{1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{k - 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{k + 1}$, and $y_{1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k - 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{k}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k + 1}$. Hence, the connectivity type is ≍. □ Theorem 9*If* $n_{1},\cdots,n_{k}$ *are odd numbers and k is odd, then the connectivity type is* ×*.* ProofSuppose that $(n_{1},\cdots,n_{k})$ is a pretzel tangle and $n_{1},\cdots,n_{k}$ are odd numbers and also *k* is odd ([Fig. 20](#fg0320){ref-type="fig"}).Figure 20A pretzel tangle with *n*~1~,\...,*n*~*k*~ are odd and *k* is odd.Figure 20By [Lemma 10](#en0510){ref-type="statement"}, $x_{1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k - 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{k}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k + 1}$ and $y_{1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{k - 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{k}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{k + 1}$. Hence the connectivity type is ×. □ Theorem 10*If* $(n_{1},\cdots,n_{k})$ *is a pretzel tangle and there are m-consecutive components, all of them are even, then* $(m - 1)$ *of "*◯*" will appear in the connectivity type.* ProofSuppose that $n_{j}$ and $n_{j + 1}$ are even ([Fig. 21](#fg0330){ref-type="fig"}).Figure 21A pretzel tangle with *n*~*j*~ and *n*~*j*+1~ are even.Figure 21By [Lemma 10](#en0510){ref-type="statement"}, $x_{j + 1}$ is connected with $y_{j + 1}$ from two sides. Therefore "◯" will appear in the connectivity type.Assume that the statement is true for $(m - 1)$ consecutive components all of them are even. Suppose that $n_{j},n_{j + 1},\cdots,n_{j + m}$ are all even ([Fig. 22](#fg0340){ref-type="fig"}).Figure 22A pretzel tangle with (*m* − 1) consecutive even components.Figure 22Since $n_{j + 1},n_{j + 2}\cdots,n_{j + m}$ are consecutive and all of them are even, so by our assumption $(m - 1)$ of "◯" will appear in the connectivity type, but also notice that $x_{j + 1}$ and $y_{j + 1}$ will be connected from two sides. Therefore *m* of "◯" will appear in the connectivity type. □ Theorem 11*If* $(n_{1},\cdots,n_{k})$ *is a pretzel tangle and there are m-consecutive components, say* $n_{j},n_{j + 1},\cdots,n_{j + m}$*, such that* $n_{j + 1},\cdots,n_{j + m - 1}$ *are odd and* $n_{j},n_{j + m}$ *are even, then one of "*◯*" will appear in the connectivity type (*[Fig. 23](#fg0350){ref-type="fig"}*).*Figure 23A pretzel tangle with *n*~*j*+1~,\...,*n*~*j*+*m*−1~ are odd and *n*~*j*~,*n*~*j*+*m*~ are even.Figure 23 ProofIf *m* is even, then by [Lemma 10](#en0510){ref-type="statement"}, $x_{j + 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j + 2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j + m}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j + m}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j + 2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j + 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j + 1}$.If *m* is odd, then also by [Lemma 10](#en0510){ref-type="statement"}, $x_{j + 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j + 2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j + m}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j + m}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}\cdots\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j + 2}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}y_{j + 1}\underset{\text{with}}{\overset{\text{connects}}{\rightarrow}}x_{j + 1}$. So whether *m* is even or *m* is odd, "◯" will appear in the connectivity type. □ Example 5The connectivity type for $(3,6,8,12,17, - 21,28, - 31,42)$ by using the previous theorems is $|◯◯◯\ ◯|$, and the connectivity type for $( - 4, - 8,10,44,55,11, - 7,13,24,3,2, - 5)$ is $|◯◯◯◯◯|$, so these tangles are not isotopy equivalent.
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